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A dynamical sysrem is a triple (X, F, 7~) such that X is a Hausdorff space, 
F is a semigroup, and 7~ is a semigroup homomorphism into C(X, X), the 
semigroup of all continuous functions from X into X. Let E = E(X, F, 7~) be 
the closure of x(F) in Xx with the topology of pointwise convergence. Then 
E is a subsemigroup of Xx, called the enveloping semigroup of the system 
(X, F, rr). Under consideration here are certain properties of a dynamical 
system that can be characterized in terms of the algebraic and topological 
properties of the semigroup E. As a result of these considerations, we shall 
show that if X is a von Neumann algebra in its ultraweak topology, and if 
x(F) consists of *-endomorphisms of X, then E is a compact topological 
group if and only if E is a set of injective maps. In Section 2 we shall 
consider dynamical systems in which X is a compact convex subset of a 
separated locally convex space, and for which n(F) consists of affme maps. 
We shall show that if K is any closed F-invariant generating subset of X, 
then certain dynamical properties of (X, F, rr) can be deduced from similar 
* Portions of this research were carried out while the first author was at Williams College. 
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properties of the natural action of F on K. We shall also show that each 
quasi-equicontinuous compact afftne system is representable by an equicon- 
tinuous compact afftne system. An application to certain fixed-point 
properties of semigroups of affine mappings is given. 
Dynamical systems (X, F, z) for which F is a group have been considered 
by Ellis [3-51. The general case is discussed in a recent monograph by 
Berglund et al. [ 11. 
1. THE ENVELOPING SEMIGROUP OF A DYNAMICAL SYSTEM 
We say that a semigroup equipped with a Hausdorff topology is a 
semitopological semigroup if its multiplication is separately continuous in 
each variable, and a topological semigroup if its multiplication is jointly con- 
tinuous. 
Let (X, F, rr) be a dynamical system. We say that F is quasi- 
equicontinuous on X if E(X, F, n) is contained in C(X, X), that (X, F, n) is 
compact if its enveloping semigroup is compact, and that (X, F, n) is unital if 
its enveloping semigroup contains the identity map of X into X. When there 
is no danger of confusion, we shall write fx in place of [n(f)](x). 
PROPOSITION 1.1. Let (X, F, 2) be a compact dynamical system with 
enveloping semigroup E. Then E is a semitopological (resp. topological) 
semigroup if and only if for all x E X, F is quasi-equicontinuous (resp. 
equicontinuous) on E.u. 
Proof. The quasi-equicontinuous case is straightforward and we omit the 
details. 
Suppose E is a topological semigroup. Let x E X, and let r denote 
restriction to Ex. By [8, Theorem 16, p. 2331, it suffices to show that 
evaluation is jointly continuous on r(E) x Ex. Let (a,, p,x) be a net which 
converges to (a, y) in r(E) X Ex. We must show that a#,x + a~‘. Since E is 
compact and r is continuous, we may pass to subnets and assume cfY+ a in 
E, BY + /3 in E, and /3x = y. But then aYpy+ a/3 in E, so a@,x + apx = ay. 
Suppose conversely that F acts equicontinuously on each Ex. Then E must 
also act equicontinuously on each Ex, so evaluation is jointly continuous on 
r(E) x Ex for every x in X. Let (a,, &) + (a,/J) in E x E. Then for any 
x E X. we have /3,x + /7x, so a#,x + a/?x by joint continuity of evaluation. 
Remark. Part of this proposition generalizes Proposition 1.7 of [6]. 
For a dynamical system (X, F, n), we shall say that (X, F, n) is distal if it 
satisfies the following condition: whenever x, y, and z E X and {a?} is a net 
in F such that lim aYx = z = lim aYy, then also, x = y. 
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PROPOSITION 1.2. Let (X, F, n) be a compact dynamical system. Then 
the following conditions are equivalent: 
(i) E(X, F, n) is a set of injective maps; 
(ii) (X, F, n) is distal; 
(iii) E(X, F, 7~) is a group and (X, F, n) is unital. 
The proof of this proposition is implicit in (41 (see also [ 1, Theorem 3.61). 
We omit the details. 
Remark. The condition that (X, F, rc) is unital in (iii) cannot be removed 
(this seems to be overlooked in the first statement of Theorem 3.6 in [ 1 I). In 
fact, if X is a finite set with more than one element, if z E X is fixed, and if F 
is a semigroup, define x(s)(x) = z for all x E X and all s E F. Then 
E(X, F, n) is the trivial group but (X, F, II) is not distal. 
COROLLARY 1.3. Let (X, F, n) be a compact dynamical system and let 
E = E(X, F, n). Then the following are equivalent: 
(i) E is a compact topological group; 
(ii) E contains a dense subgroup and F acts equicontinuously on each 
orbit closure in X; 
(iii) E is a group and F acts quasi-equicontinuously on each orbit 
closure in X. 
In case (X3 F, n) is unital, then each of the conditions above is also 
equivalent to: 
(iv) E consists of injective maps and F acts quasi-equicontinuously on 
each orbit closure in X. 
Proof The equivalence of (i)-(iii) follows from Proposition 1.1 and Ellis’ 
theorem [5, Theorem 2, p. 1241, since a compact topological semigroup 
containing a dense subgroup is itself a group. Also, the equivalence of (iii) 
and (iv) is a direct consequence of Proposition 1.2. 
Remark. The condition that E is a group in (iii) of Corollary 1.3 cannot 
be relaxed to E contains a dense subgroup. In fact, let G be an infinite 
discrete group, and let X be the set of all nonzero multiplicative linear 
functionals on the C*-algebra WAP(G) of all weakly almost periodic 
functions on G. Consider 71: G -+ Xx defined by 
dd 4th) = W, h), gE G, h E WAP(G), Q E X, 
where (l,h)( g’) = h( gg’). Then G is easily seen to act quasi- 
equicontinuously on (X, weak*), but by Ellis’ theorem the closure of K(G) in 
Xx is not a group. 
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Suppose now that (G, X) is a transformation group, and suppose further 
that X is compact. Consider the following three conditions: 
(a) (G,X) is equicontinuous; 
(b) the enveloping semigroup E of (G, X) is a topological group; and 
(c) (G, X) is distal. 
By [4, Proposition 4.4, p. 251 and Corollary 1.3, (a) implies (b), and by 
Proposition 1.2, (b) implies (c). Even in this context, neither of these 
implications is reversible (compare with Theorem 1.5). To see that (b) does 
not imply (a), consider Example 2 of [4, p. 361. Let X be the closed unit disc 
in the plane, and let G be the (discrete) infinite-cyclic group generated by the 
map z -+ ze “‘I The action of G is equicontinuous on each orbit closure in X, . 
but cannot be equicontinuous, or even quasi-equicontinuous, on any subset 
which has non-void interior. Now apply Corollary 1.3 to show that E is a 
topological group. To see that (c) does not imply (b), observe that by 
Corollary 1.3, a minimal transformation group is equicontinuous if and only 
if its enveloping semigroup is a topological group. Since there exist minimal 
distal transformation groups which fail to be equicontinuous [4, 2.7, p. 551, 
(c) cannot imply (b). 
Suppose now v: E(X, F, 7~) + E(Y, G, p) is a semigroup isomorphism and 
a homeomorphism (onto); we shall say that I+I is a weak equivalence of these 
two systems. Any property which is preserved by weak equivalence will be 
called a dynamical invariant. It is easy to check that any combination of the 
following properties is a dynamical invariant: “E is compact,” “E is a 
group, ” “E is a semitopological semigroup, ” “E is a topological semigroup,” 
“E is a topological group.” Let us now restrict our attention to compact 
unital systems; there is an obvious restriction of the notions of weak 
equivalence and dynamical invariant to the class of all such systems. The 
results of this section imply immediately: 
THEOREM 1.4. Consider the class of all unital compact dynamical 
systems (X, F, n). Each of the following properties determines a dwtamical 
invariant for this class: 
(i) F is quasi-equicontinuous on each orbit closure in X, 
(ii) F is equicontinuous on each orbit closure in X; 
(iii) (X, F, n) is distal. 
Now let (A, G, n) be a dynamical system in which A is a von Neumann 
algebra (i.e.. a C*-algebra which is a dual space) in its ultraweak (weak*) 
topology [ 13, 5 1.11. Suppose further that n(G) consists of *-endomorphisms 
of A. We shall call such a system a W*-dynamical system. Since each 
element of n(G) is norm decreasing [ 13, Corollary 1.2.6, p. 51, any W*- 
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dynamical system is compact. A linear functional Q on A is positive if 
4(a*a) > 0 for all a E A. Let F be any set of *-endomorphisms of A. We say 
that a functional 4 on A is F-invariant if $ o (r = 4 for all a E F, and that A 
is F-finite if for each nonzero a E A there exists an ultraweakly continuous 
F-invariant positive linear functional (6 such that #(~*a) # 0. 
The first author showed in [6] that if G is a group of *-automorphisms of 
A, and if n is the canonical injection, then E(A, G, 7~) is a set of injective 
maps if and only if E(A, G, 7~) is a (compact) topological group of *- 
automorphisms of A. Proposition 1.2 above gives us the following sharpening 
of this result. 
THEOREM 1.5. Let (A, G, TI) be a W*-dynamical system with enveloping 
semigroup E. Then the following are equivalent: 
(a) E is a set of injective maps; 
(b) E is a compact topological group of *-automorphisms acting 
equicontinuously on the unit ball of A with respect to the ultra-weak topology. 
(c) E is a group and A is z(G)-finite. 
(d) E contains a dense subgroup and G acts equicontinuously on each 
orbit closure of A with respect to the ultraweak topology. 
Proof. (a) * (b): By Proposition 1.2, (A, G, n) is unital and E is a 
group. It follows that E is a group of permutations of A. Let H be the 
subgroup of E generated by rc(G). Since an invertible *-endomorphism is a 
*-automorphism, H is a group of *-automorphisms. Clearly E is also the 
enveloping semigroup of the dynamical system (A, H, I[‘), where rr’ is the 
canonical injection. Condition (b) now follows from [6, Theorem 1.2. p. 2861 
and [ 11, Lemma 3.2, p. 2563. 
(b) * (c): If (b) holds, then by 16, Remark 1.3 p. 2861, A is E-finite. 
In particular, A is n(G)-finite. 
(c) 3 (a): The arguments on pp. 287-288 of [6] show that E consists 
of *-endomorphisms of A. If a E A, a E E, and a(a) = 0, then a(a*a) = 
a(a)* a(a) = 0, so #(a*~) = 0 for ail E-invariant linear functionals on A. But 
any ultraweakly continuous n(G)-invariant linear functional is E-invariant, 
since n(G) is pointwise dense in E. Thus a = 0, since A is n(G)-finite. and 
thus a is injective. 
(d) e (b): This follows from Corollary 1.3. 
Remarks. (1) Compact groups of *-automorphisms of von Neumann 
algebras are further discussed in [6,7, 1 I]. Tan has proved a result similar 
to Theorem 1.5 for weakly almost periodic semigroups of *-endomorphisms 
of a C*-algebra [ 14, Theorem 3.3, p. 361. 
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(2) If (A, G, 7r) is a W*-dynamical system which satisfies the conditions 
of Theorem 1.5, then by [7,Theorem 3.3, p. 1071, each orbit closure Ea is a 
minimal-closed n(G)-invariant subset of A; when (A, G, rr) is unital, the 
conditions of Theorem 1.5 hold only if each Ea is such a minimal subset. If 
(A, G, rr) is any IV*-dynamical system for which E is known to be a group, 
then by Proposition 1.2 and Theorem 1.5, (A, G, rc) is unital if and only if E 
consists of injective maps if and only if E consists of *-automorphisms. 
2. COMPACT AFFINE DYNAMICAL SYSTEMS 
If X is a compact-convex subset of a topological vector space over C (or 
R), then .4(X) will denote the Banach space (with the supremum norm) of a11 
continuous affine complex- (or real-) valued functions on X. 
Let V be a separated locally convex space. We shall call a dynamical 
system (X, F, z) a compact aflne system in V if X is a compact-convex 
subset of V and n(F) is a family of affine continuous mappings from X into 
X. 
PROPOSITION 2.1. Let (X, F, ?t) be a compact-aflne system in V. Then F 
is quasi-equicontinuous on X if and only if there exists a compact-afjne 
system (Y, F, n’) in some space W, an aflne homeomorphism p of X onto Y. 
and a topology 5 of the dual pair (W, W*) such that (i) p -‘z’(s) p = $s)for 
each s E F, and (ii) F is equicontinuous on (Y, 5). 
Proof. Assume that F is quasi-equicontinuous on X. For eachfE A(X). 
let K(f) = {fo a; a E E(X, F, 71)). Then K(f) is weakly compact in C(X) by 
[3, Lemma 4, p. 6411. It follows from the Hahn-Banach theorem that K(f) 
is also a weakly compact subset of A(X). Let t be the locally convex 
topology on A(X)* defined by the family of seminorms Q = (p,.;fE A(X)}. 
where 
P,@) = supiIti(h)l, I&f)13 h E K(f)] 
for each Q E A(X)*. An application of the Mackey-Arens theorem shows 
that the dual of A(X)* is also A(X). Now let Y denote the set {S,: x E X) of 
all point evaluations in A(X)*. Then X is affinely homeomorphic to (Y, 
weak*). Also, if we define n’(s)(#)(h) = #(h 0 n(s)), where s E S, h E A(X), 
and 4 E A(X)*, then p,(z’(s) 4) <p,(g) for each fE A(X) (since E(X, F, 7~) is 
a semigroup). In particular, F is equicontinuous on (Y, r). 
To prove the converse, we may assume that X = Y and rc = n’, since 
Cl -+pap-’ is a pointwise homeomorphism of Xx onto Y’ and of C(X, X) 
onto C(Y, Y). Let @ denote the convex hull of n(F) in Wx and 6 denote the 
closure of @ in the product space (W, q)“, where q denotes the given 
394 GREEN AND LAW 
topology on W. Since @ is convex, & is also the closure of @ in the product 
space (W, r)x. Now 5 consists entirely of continuous-affine maps from 
(X, r) into (X, r), by the r-equicontinuity of F. Consequently, the maps in & 
are also continuous from (X, q) into (X, r,r). In particular, F is quasi- 
equicontinuous on X. 
For the rest of this section, (X, F, n) will denote a compact-affine system 
(in some space V), M will be a closed-invariant subset of X whose closed- 
convex hull is X, and r will denote the restriction map from E(X, F. 71) onto 
E(M, F, r o n). 
THEOREM 2.2. F is quasi-equicontinuous (resp. equicontinuous) on X if 
and only if F is quasi-equicontinuous (resp. equicontinuous) on M. 
ProoJ: Clearly if F is quasi-equicontinuous (resp. equicontinuous) on X, 
then F is quasi-equicontinuous (resp. equicontinuous) on M. 
Conversely, if F is quasi-equicontinuous on M, then Kdf) = (fo a: 
a E E(M, F, r 0 n)) is a weakly compact subset of C(M) for each f in C(M) 
[3, Lemma 4, p. 64 11. Since the map r induces a linear isometry from A(X) 
into C(M), it follows that O(h) = (h o n(s); s E F) is a relatively weakly 
compact subset of A(X) for each h E A(X). By the Hahn-Banach theorem, 
O(h) is also a relatively weakly compact subset of C(X). Now suppose we 
can show that the set W of all h in C(X) such that O(h) is relatively compact 
in the weak topology of C(X) is a norm closed *-subalgebra of C(X). Then 
an application of the Stone-Weierstrass theorem shows that W = C(X), and 
hence that F is also quasi-equicontinuous on X [ 3, Lemma 41. 
It is easy to see that if h E W, then CE W. Also, an argument similar to 
that given in 12, Lemma 1.61 shows that W is a closed-linear subspace of 
C(X). Finally if h, k E W, then O(M) is relatively compact in the topology 
of pointwise convergence on X. Since X is compact and O(M) is bounded, 
O(M) is relatively weakly compact 12, Theorem A.18 p. 891. Thus W is a 
closed * -subalgebra of C(X), and F is quasi-equicontinuous on X. 
Suppose now F is equicontinuous on M. Then E(M, F, K) is also equicon- 
tinuous on M. Hence if fE C(M), then K(f) is a norm-compact subset of 
C(M) [3, Lemma 1, p. 6371. An argument similar to that of the quasi- 
equicontinuous case shows that iffE C(X), then O(f) is a norm relatively 
compact subset of C(X). Consequently F is equicontinuous on X 13, 
Lemma 1). 
Remark. In the special case where (F, M) is a transformation group with 
compact phase space M, where X is the set of regular normalized Bore1 
measures on M, and where the action of F on X is that induced by (F, M), 
Theorem 2.2 (for quasi-equicontinuity) follows readily from Corollary 3.5, 
[9, Remark 3.61, and [3, Lemma 41. 
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Remark. Consider again Example 2 in [4, p. 361. The integer group acts 
equicontinuously on M = (z E C: ] z] = I), but fails to act quasi- 
equicontinuously on its convex hull X = {z E G: ]z] < 1 }. Thus the afftneness 
condition cannot be entirely removed from the hypotheses of Theorem 2.2. 
Suppose next that S is a semitopological semigroup, and let AP(S) 
(resp. WAP(S)) denote the Banach space of all strongly (resp. weakly) 
almost periodic functons on S. The second author showed in [ 10, 
Theorem 3.21 that AP(S) has a left-invariant mean if and only if S has a 
common fixed-point property for an arbitrary affine, separately continuous, 
equicontinuous action on a compact-convex subset of a separated locally 
convex space. The following is a sharpening of this result and of the second 
theorem in [ 12, p. 123 ]. 
COROLLARY 2.3. Let S be a semitopological semigroup. Then WAP(S) 
(resp. AP(S)) has a left-invariant mean tf and only if S has the following 
property: suppose S X X--t X is an aflne separately continuous action on a 
compact-convex subset X of a separated locally convex space, and suppose 
there exists a closed S-invariant subset M of X such that S acts quasi- 
equicontinuously (resp. equicontinuouslq) on M; then X contains a common 
fixed point for S. 
Proof: We may assume that X is the closed-convex hull of M. Now 
apply Proposition 2.1, Theorem 2.2, and the second theorem in [ 12, p. 1231 
for the weakly almost periodic case. Apply Theorem 2.2 and [ 10, 
Theorem 3.2, p. 711 for the strongly almost periodic case. 
The next lemma shows that a mild continuity condition allows us to 
identify the enveloping semigroups of (X, F, r) and (M, F, r o 7t). 
LEMMA 2.4. If F is quasi-equicontinuous on each orbit closure in X, then 
r is a homeomorphism from E(X, F, n) onto E(M, F, r o 7~). 
Proof Since E(X, F, n) is compact, and E(M, F, r o 7~) is Hausdorff, it is 
sufftcient to show that r is one to one. Let a, /I E E(X, F, IL) and a = p on M. 
Let x E X. To see that ax =/Ix, it suffices to show that h(ax) = h(j?x) for 
each h E A(X). Suppose h(ax) # h(f?x). Let {s,} and {fy} be nets in F (which 
we may assume to be indexed by the same directed set) converging to a and 
j3, respectively, in E(X, F, x). Since h(ax) # h@Ix), we may assume, passing 
to a subnet if necessary, that there exists E > 0 such that ] h(s,x) - h(t+c)l > E 
for each y. Let MO = Ex U {x}, and let X,, be the closed-convex hull of MO. 
Then X,, is F-invariant, and F is quasi-equicontinuous on Ex, and hence on 
M,, . Let h, be the restriction of h to X0. Let p: A(X,) + C(M,,) be the linear 
isometry induced by restriction to M,, let p be the continuous linear 
functional on &4(X,,)) defined by p@(f )) =f(.x), where fE A (X,), and let ,L? 
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be a continuous extension of p to C(M,,). Since (p(h,) o 0; 0 E E(M,, F, n)} 
is a weakly compact subset of C(M,) [3, Lemma 41, we may assume (by 
passing to a subnet again, if necessary) that the nets @(A,,) o z(sJ} and 
(p(h,) 0 n(t,)} converge to some k, and some k,, respectively, in the weak 
topology of C(M,). Necessarily, k, = p(h,) 0 u = p(h,) 0 /I = kL. But 
and 
Hence 
3Pvd o 4$J) = we,)(x)). 
for each y, which is impossible. 
THEOREM 2.5. The semigroup F is equicontinuous on each orbit closure 
in X if and only if F is quasi-equicontinuous on each orbit closure in X and 
equicontinuous on each orbit closure in M. 
Proof. This follows from Proposition 1.1 and Lemma 2.4. 
COROLLARY. Let F be quasi-equicontinuous on M. Then F is equicon- 
tinuous on every orbit closure in X if and only ifF is equicontinuous on every 
orbit closure in M. 
THEOREM 2.6. Assume that (X, F, ?r) is unital. Then the following are 
equivalent: 
(i) (M, F, n) is distal and F is quasi-equicontinuous on each orbit 
closure in X, and 
(ii) (X, F, n) is distal and F is equicontinuous on each orbit closure in 
X. 
ProoJ Use Lemma 2.4, Proposition 1.1, and Ellis’ theorem 15. 
Theorem 2, p. 1241. 
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